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Continuity of function at a point

Definition =~ ° e

The function f (), defined over the interval I 'iS said 1o be
continuous at x = g ¢ I if it possesses 4 finite limit as x tends
to a from either side always remaining in and each of these

limits is equal to f (a).

Thus f(x)is conti_nudus at x = a if
() f(x)is defined at x = g and
(i) im f(x) = lim f(x)=f@

T>aq+0 Z->a—0

e f@+0 =f@—-0 =1

i.e. limit from right = limit from left = vaiue of ks
function.

 If a7is an end point-of the interval I of definition of f(x)
then one of the left-hand limit or right-hand limit exists. In
that case, one that exists should be equal to £ (g).

Thus if a is a left-end point of the interval I then f (%) is

continuous at x = ¢ if lim f(x) = f(a)and ifagisa right-end
: - Z>a+0 - Smide



pit of the .im}fe_rval I then f(x) is continuous at x — 4 if
pﬁm 7 =1@

R

3 This deﬁnitio
s follows—

munction (%) defined over the interval 7, is said to be
a e I, if given € > 0 there exists a positive

n can be put in the distance form (or modulu
4 3

form)

A
continuous at x =

per 5 such that
[F ) _ f(@) | < € whenever | x —a| <dand xel

e fl@—e<S(®) <] (a) + ¢ whenever x e I such that
a—-—8< x<a+é |
A function f(x) which is not continuocus at x = a 1s called

nui

Jiscontinuous at x = a.



Continuity of a function in a interva
| :Definition " R

A function f(x) deﬁne °
continuous in the interval [a, D]
points x such that @ < X < b.

Differentiability at a point

A function f(x) defined in the interval I is said to 'be- .

4 over the interval I is said io be
< I if f(x)1s continuous at all



. pwle at X =@4¢€ I if lim f(x) — fla) o _
jable 8 g, % - b exists for all
. towards a so that x always remains in 1.

es of X
her words,
o a1 = (@ and lim
- 30 h h—>0
and have the same definite value.

————————————— 1

the function S (x) is said to be differentiable
at x = a if |
. fla=h-T@

lim —- 7 = lim 7

h—0

gifterent

the condition is that

fla—h —f@

—h

rgﬂdeﬂci
In ot

poth exist

h—>0
 _ g definite number.

_-————--——_———_-——_~

L o et S5 BEOE.
The value of the Hmit is called the derivative (diﬁerential
co-efficient) of f(x) at x = @ and it is denoted by
f'(a) or Df (a).



——————————————————————— ey
,— --------------- I Ld
: > s said to i
{ A function f(x) defined in the m;lervzérgv ;zive Iifgivf_:,ez :
\  differentiable at x = a eI, having the ol |
' ¢ > 0 there exists a number & > 0 such ti |
|
! f(x)‘-f(a)_l < e. whenever | x — a | < & and Xel, :
: X —a |
; ‘vati = qa.
: The number 1 is the derivative of f(x) at x 5
S O 3 O R o -
' e S st
Theorem ="~ 4 function f is differentiable at x = q if and

only if there exists a number I such that
f(a+ h) — f(a) = Ih+ hn
Where n denotes a quantity which tends to 0 as h 0.

Proof. Let f be differentiable at' X = d. Then there €xists a

number / such that lim JS(x) — f(a) =1

z->a X —a

Putting x = ¢ h,

hmf(a-f-h) —f@ _y

50

“or | lim [f(a—l— h) — f(a) l:i e

h—o0

f(a+ /z) f(a)

—l—n wheren-—->0as h - 0,

- fle+h) - —f(a) = lh +hn Where n —>0 as }‘—>0
Thus it is the necessary

condltlon | -

As the argument is revermble 'thé- co‘ndi‘.tion~ is " also
,sufﬁcient.

Theorem

3 Ifa functlon is dlﬂerentzabl
then it must be

e ﬁnz‘tely at -a point,
continuous at that poznt TS Syiele? '

 Proof.-Let the function £ (x) be differentiabie at x = a



Then by definition 1111-1&

f(a k) — f(a)
h

= lim
h—>0

fla—M=f
.I-_h @ _ 4 (say).

: 1 )—j(a :
From l;lﬂ_zo flat ;3 /@ A, it follows, by the definition

g o such that
\,Ji(“'+’]’)‘f(“)—A < for|h]| <38
7
ie. |f(a—{—k)-—f(a)—- Ah | <e|h],for|[R]| <35
Butlf(a—l—h)—f(a)l — | 4h| < | f(a+h)—f@—4h].
|f(a+h)—-f(a)[—|Ahi,<e|h|.

Hence |f(@+ M—F@1 < A (14l +¢€)
Now, if 2 > + 0, then f(a + B — f(a@) =0
and also if A = — 0, then f (¢ — mn— f() > 0.
Thus f (@ + 0)= f(@=f(e — 0) and f (a) 1S defined.
So f(x) 1s continuous at x = &
Note. The converse of this theorem is nol necessarily true,
i e. the condition of continuity is not sufficient for dzﬁekrentiability. ‘
i.e. the continuity of & function is a weaker condition than
differentiability. (P U 1967 H)

Let us illustrate this by an example.
Consider the continuity and differentiability of the function

flx)= | x|atx = 0.
(M U 1966 1, 78 A’85; Bh 1J °66 H; AMIE °81)

Test for continuity at x = 0. :
Limit from right = f(0 + 0)= Lm f O + h)
h—>0

% = — lim |0—|—h}='1im-'|-h|=0
: ‘ r—>0 h—>0 .
And limit from left = f(0 — 0)= lim f(0 —#&) ‘
h—>0
— lim |0 —A|=1lm]|A]| =0

h—>0 >0

'~ Since £ (0 4 0)= £(0 — 0)=F(0)= 0,



so the given function is continuous at x = O,
Test for differentiability at x = O.

tim SO+ -7 ©) _ yjp (k] =0
A->0 h h—>0 h

=1,ash>0,

and lim LQ =0 =S () _ jyy 10=1] =0

h—0 . —=h h>0 — h
- h
=1 s—— = 10
hl—I:(:; —h

Since tbese two 11m1ts are not equal, therefore the

functio;
IS not d1ﬁ"erent1ab1e atx = 0.



